We consider the Korteweg-de Vries equation with a perturbation arising naturally in many physical situations. Although being asymptotically integrable, we show that the corresponding perturbed solitons do not have the usual scattering properties. Specifically, we show that there is a solution, correct up to O(⑀), where ⑀ is the perturbative parameter, consisting, at t→Ϫϱ, of two superposed deformed solitons characterized by wave numbers k 1 and k 2 that give rise, for t→ϩϱ, to the same but phase-shifted superposed solitons plus a coupling term depending on k 1 and k 2 . We also find the condition on the original equation for which this coupling vanishes. ͓S1063-651X͑98͒06004-8͔ PACS number͑s͒: 03.40. Kf, 02.30.Jr The importance of certain integrable partial differential equations for the description of physical systems comes from the fact that they may describe asymptotic limits of equations supposed to govern real systems. The property of integrability, although being rare in general, in the realm of asymptotic equations is ubiquitous ͓1͔. A notorious example is that of the Korteweg-de Vries ͑KdV͒ equation. This equation describes the long-wavelength limit of spatially extended systems that are conservative and dispersive. The nonlinear Schrödinger ͑NLS͒ equation also enjoys this universality character, describing the slow nonlinear modulation of wave amplitude in dispersive systems. The physical systems concerned form a wide range of examples, including, to quote a few ͓2͔, water waves, gas dynamics, plasma physics and waves in ferrites. The concept of solitons is directly associated with equations that are integrable by the inverse scattering method ͓3͔. Indeed, such equations display N-soliton solutions and a general solution for sufficiently well-behaved initial conditions evolves asymptotically in time to a superposition of solitons and radiative terms.
where u is a function of (x,t), P(u) is a function of u and its derivatives in x, ⑀Ӷ1 is a perturbative parameter, and subscripts denote differentiation. We will not be concerned with an arbitrary P(u). Rather, we will be concerned with what could be called natural perturbation, namely, those P(u) arising in perturbative expansions from basic equations that are conservative and dispersive, with a dispersion relation admitting an expansion of the form (k)ϭa 1 kϩa 3 k 3 ϩa 5 k 5 ϩ¯. We further assume that no constants scale with ⑀. To have a better understanding of what is meant by natural, consider a conservative and dispersive system and look for its long-wavelength, weak, nonlinear limit, by introducing slow space and time variables ϭ⑀(xϪct), ϭ⑀ 3 t, where ⑀Ӷ1. This results in an equation of the form
where P i ͓u͔ are polynomials in u and its derivatives that scale homogeneously when uϳ⑀ Ϫ2 , ‫ץ‬ ϳ⑀ Ϫ1 , and ‫ץ‬ ϳ⑀ Ϫ3 . The scaling order must be such that ⑀ n P n scales like u . This restricts the possible forms of P i . For instance, P 0 is forced to contain only terms proportional to u and uu , resulting in the KdV equation. P 1 is what is called a natural perturbation. It contains all the possible terms allowed by the scaling and it represents a generic perturbation. It is not difficult to see that it must be of the form
where ␣ i are arbitrary constants. One could ask the following question: When is an ''unnatural'' perturbation allowed? In the context of conservative and dispersive equations the answer is that we would need a physical constant to scale with ⑀. where ‫ץ‬ Ϫ1 denotes integration with respect to x and ␣, ␤, and ␥ are given in terms of ␣ i by
We can now look for the u coming from the one-soliton and two-soliton solutions, for example. This is instructive for the one-soliton case, but the expression for the two-soliton case is not very illuminating. For this reason, we should look at the asymptotics for t→Ϯϱ. This is most easily accomplished by using well-known techniques of soliton theory. First, transform from w to F by
thus obtaining a transformed (F):
͑9͒
As is well known, if we define k ϭk͓xϪ(k 2 Ϫ⑀␣ 0 k 4 )t͔; then, for a one-soliton solution we have
Fϭ1ϩexp͑ k ͒ ͑10͒
and for a two-soliton solution
with expA 12 ϭ͓(k 1 Ϫk 2 )/(k 1 ϩk 2 )͔ 2 . Inserting expression ͑10͒ into Eq. ͑9͒ and going through the algebra gives us the perturbation to the one-soliton solution:
͑12͒
The first term represents a perturbation to the amplitude of the solitary wave. The second and third terms represent deformations of the soliton form. However, in this case the term sech 2 ( k /2)tanh( k /2) can always be eliminated. Indeed, in Eq. ͑4͒ a term Aw x can always be added, A being an arbitrary constant that can be adjusted to eliminate the third term in Eq. ͑12͒. This is related to the fact that, if we had tried to solve Eq. ͑1͒ by a perturbative series, at O(⑀) we could always sum a solution of the linearized KdV equation. Without this third term, we have the result of ͓8͔. Let us now go to the two-soliton case, but let us take into account the existence of an additional term Aw x from the beginning. Instead of writing out the solution explicitly, we give the asymptotic behavior for t→Ϯϱ, taking the limits by using standard techniques ͓3͔. We obtain the following results. First, define
With this definition, we have, for t→ϩϱ,
ϫtanh͓͑ k 2 ϩA 12 ͒/2͔, ͑14͒
and for t→Ϫϱ,
If we now impose that for t→Ϫϱ we have a sum of functions, each one depending only on either k 1 or k 2 , we must choose Aϭ2k 2 . However, with this choice, for t→ϩϱ we will get a coupling term involving k 1 and k 2 . Indeed, we can see that there is no constant A such that for both t→Ϯϱ we can have a superposition of functions, none of which depends on the mixed (k 1 ,k 2 ) terms. We see thus that we do not have a process of scattering of two solitons that are uncorrelated asymptotically in time. Even for a solution consisting of the superposition of two one solitons at t→Ϫϱ, a linkage appears for t→ϩϱ through a (k 1 ,k 2 ) coupling. This means that we cannot define two separate particlelike objects that scatter and emerge maintaining their identity. Note, however, that if ␥ϭ0, then this linkage disappears and the usual picture of elastic scattering of solitons, although deformed, shows up. Let us now summarize our results. We have a perturbed KdV equation, where the perturbation is, generically, nonintegrable. Instead of looking for an exact solution, we search for an expression valid up to O(⑀), as the original equation is supposed to be valid only to this same order. In this sense, we have found the general effects of the perturbation given by Eq. ͑2͒, which are summarized in Eqs. ͑14͒ and ͑15͒. Qualitatively we can say the following: In the general case, the solitons are asymptotically deformed and do not preserve the usual particlelike properties because of the appearance of a linking term involving k 1 and k 2 . However, an interesting case emerges when ␣ 0 ϭ␣ 1 in Eq. ͑2͒, in which there are particlelike structures, deformed solitons, that have asymptotically, up to O(⑀), the same collisional properties as solitons in integrable systems.
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